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Broken Symmetry, Phase Transitions and Long-Range Order

2

Solid Nematic Ferromagnet Super-liquid

Translations Space Rotations Spin Rotation Gauge
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Unconventional Superconductivity

I Break one or more spin/space-group symmetries in conjunction with U(1)N

I Phase of 3He exhibit all of these broken symmetries!
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Superfluid Phases of 3He

Symmetry of Normal 3He : G = SO(3)S × SO(3)L × U(1)N × P× T

Phase Diagram of Bulk 3He
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Spin-Triplet, P-wave Order Parameter :

∆αβ(p) = ~d(p) · (i~σσy)αβ  dµ(p) = Aµi pi

Chiral ABM State ~l = m̂× n̂

Aµi = ∆ d̂µ (m̂ + in̂)i
Lz = 1 , Sz = 0

“Isotropic” BW State

Aµi = ∆ δµi

J = 0 , Jz = 0
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Superfluid 3He Under Strong Confinement

New Chiral Phase with Spontaneously Broken Translational Symmetry and BTRS

100nm-10µm Films & Cavities
z = D

z = 0

A. Vorontsov & JAS, PRL (2007)
I J. J. Wiman, Poster - Monday-Wednesday

Laterally confined films of 3He

Overlapping Chiral Edge States−→

I Hao Wu - Saturday, 9:20 – 9:40
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Ginzburg-Landau Functional for Superfluid 3He

Maximal Symmetry of 3He: G = SO(3)L × SO(3)S × U(1)N × P× T

Order Parameter for P-wave (L = 1), Spin-Triplet (S = 1) Pairing

Ψ̂(p̂) =

Spin Basis︷ ︸︸ ︷(
Sx Sy Sz

)
×



Axx Axy Axz
Ayx Ayy Ayz
Azx Azy Azz


 ×

Orbital Basis︷ ︸︸ ︷

p̂x
p̂y
p̂z




I GL Functional: Aαi  vector under both SO(3)S [α] and SO(3)L [i]

F [A] =

∫
d3r
[
α(T )Tr

{
AA†

}
+ β1 |Tr {AAtr}|2 + β2

(
Tr
{
AA†

})2

+ β3Tr {AAtr(AAtr)∗}+ β4Tr
{

(AA†)2
}

+ β5Tr
{
AA†(AA†)∗

}

+ κ1∂iAαj ∂iA
∗
αj + κ2∂iAαi ∂jA

∗
αj + κ3∂iAαj ∂jA

∗
αi

]
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New Phases of Superfluid 3He Under Strong Confinement

100nm Pores

1D B-stripe phase
I K. Aoyama, Fri. 9:00

I J.J. Wiman, Poster, Mon-Wed
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Dynamical Consequences of Spontaneous Symmetry Breaking

New Bosonic Excitations
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Dynamical Consequences of Spontaneous Symmetry Breaking

Higgs Boson with mass M = 125 GeV
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Dynamical Consequences of Spontaneous Symmetry Breaking

Emergence of New Bosonic Excitations

CMS Detector at the LHC
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Dynamical Consequences of Spontaneous Symmetry Breaking

“Scalar” Higgs Boson (spin J = 0) [P. Higgs, PRL 13, 508 1964]

Energy Functional

E[∆] =

∫
dV
{
α |∆|2 + β |∆|4 + 1

2
c2 |∇∆|2

}

I Broken Symmetry State: ∆ =
√
|α|/2β

ReΨ

−0.5
0.0
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−1.0

−0.5
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0.5

−0.4
−0.3
−0.2
−0.1
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0.1
0.2
0.3
0.4

F [Ψ]

α < 0

α > 0

Space-Time Fluctuations about the Condensate Vacuum

∆(r, t) = ∆ +D(r, t) I Eigenmodes: D(±) = D ±D∗ (Charge Conjugation Parity)

L =

∫
d3r

{
1

2
[(Ḋ(+))2 + (Ḋ(−))2]− 2∆2 (D(+))2 − 1

2
[c2(∇D(+))2 + c2(∇D(−))2]

}

I ∂2
tD

(−) − c2∇2 D(−) = 0

Massless Nambu-Goldstone Mode

I ∂2
tD

(+) + 4∆2 D(+) − c2∇2 D(+) = 0

Massive Higgs Mode: M = 2∆
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Dynamical Consequences of Spontaneous Symmetry Breaking

BCS Condensation of Spin-Singlet (S = 0), S-wave (L = 0) “Scalar” Cooper Pairs

Ginzburg-Landau Functional

F [∆] =

∫
dV
{
α |∆|2 + β |∆|4 + κ |∇∆|2

}
I Order Parameter: ∆ =

√
|α|/2β

ReΨ
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∆(r, t) = ∆ +D(r, t) I Eigenmodes: D(±) = D ±D∗ (Charge Conjugation Parity)

L =

∫
d3r

{
1

2
[(Ḋ(+))2 + (Ḋ(−))2]− 2∆2 (D(+))2 − 1

2
[v2(∇D(+))2 + v2(∇D(−))2]

}

I ∂2
tD

(−) − v2∇2 D(−) = 0

Anderson-Bogoliubov Mode

I ∂2
tD

(+) + 4∆2 D(+) − v2∇2 D(+) = 0

Amplitude Higgs Mode: M = 2∆
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Dynamical Consequences of Spontaneous Symmetry Breaking

Higgs Mode with mass: M = 3 meV and spin J = 0 at Univ. Illinois-Urbana

Raman Absorption in NbSe2

I R. Sooyakumar and M. V. Klein, Phys. Rev. Lett. 45, 660 (1980).
I Theory: P. Littlewood and C. M. Varma, Phys. Rev. Lett. 47, 811 (1981).
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Dynamical Consequences of Spontaneous Symmetry Breaking

First Reported Observations of Higgs Modes in BCS Condensates
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TDGL Theory for Superfluid 3He-B- Collective Mode Spectrum

3He-B: Bαi =
1√
3

∆ δαi L = 1 , S = 1  J = 0

I Symmetry of 3He-B: H = SO(3)J × T

I Fluctuations: Dαi(r, t) = Aαi(r, t)−Bαi =
∑

J,m

DJ,m(r, t) t
(J,m)
αi

I Lagrangian:

L =

∫
d3r

{
τ Tr

{
ḊḊ†

}
−αTr

{
DD†

}
−

5∑

p=1

βp up(D)−
3∑

l=1

Kl vl(∂D)

}

∂2
tD

(C)
J,m + E

(C)
J,m(q)2D

(C)
J,m =

1

τ
η

(C)
J,m

with J = {0, 1, 2} ,m = −J . . .+ J , C = ±1
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TDGL Theory for Superfluid 3He-B- Collective Mode Spectrum

I 4 Nambu-Goldstone Modes and 14 Higgs modes

E
(C)
J,m(q) =

√
M 2
J,C +

(
c

(C)
J,|m||q|

)2

Mode Symmetry Mass Name
D

(+)
0,m J = 0, C = +1 2∆ Amplitude Higgs

D
(−)
0,m J = 0, C = −1 0 Phase Mode

D
(+)
1,m J = 1, C = +1 0 NG Spin-Orbit Modes

D
(−)
1,m J = 1, C = −1 2∆ AH Spin-Orbit Modes

D
(+)
2,m J = 2, C = +1

√
8
5∆ 2+ AH Modes

D
(−)
2,m J = 2, C = −1

√
12
5 ∆ 2− AH Modes

I Vdovin, Maki, Wölfle, Serene, Volovik, Schopohl, McKenzie, JAS ...
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Collective Mode Spectrum for 3He-B
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Dynamical Consequences of Spontaneous Symmetry Breaking

Higgs Mode with mass: M = 500 neV and spin J = 2 at ULT-Northwestern

Group Velocity

T/Tc

I D. Mast et al. Phys. Rev. Lett. 45, 266 (1980).
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Dynamical Consequences of Spontaneous Symmetry Breaking

Higgs Mode with mass M = 500 neV and spin J = 2 at ULT-Northwestern

Superfluid 3He Higgs Detector at ULT-Northwestern
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Dynamical Consequences of Spontaneous Symmetry Breaking

Higgs Mode with mass: M = 500 neV and spin J = 2 at LASSP-Cornell

I R. Giannetta et al., PRL 45, 262 (1980)
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Collective Mode Spectrum for 3He-B

M
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Coupling of J = 2− Modes to Transverse Currents

I J = 2− m = ±1 Modes transport mass (Transverse Sound)

Ct(ω)2 =
F1

15
ρn(ω) +

2F1

75
ρs(ω)

{
ω2

(ω + iΓ)2 − 12
5

∆2 − 2
5
(q2v2

f )

}
︸ ︷︷ ︸

D
(−)
2,±1

I G. Moores and JAS, JLTP (1993)

Transverse Zero Sound Propagation in Superfluid 3He-B

I Y. Lee et al. Nature 400 (1999)
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Dynamical Consequences of Spontaneous Symmetry Breaking

Higgs Boson with mass M = 125 GeV
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Is this all there is?

Higgs Bosons in Particle Physics and in Condensed Matter,
G.E. Volovik & M. Zubkov, JLTP 175, 486-497 (2014).
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Emergent Topological Order in Superfluid 3He

I Majorana excitations, spin and mass currents on the surface of
topological superfluid 3He-B,
Hao Wu , JAS, Phys. Rev. B 88, 18 184506 (2013)
[arXiv:1308.4436]

I Surface states, edge currents, and the angular momentum of chiral
p-wave superfluids,
JAS, Phys. Rev. B 84, 214509 (2011) [arXiv:1209.5501]

I Symmetry Protected Topological Superfluids and Superconductors
— From the Basics to 3He,
T. Mizushima, Y. Tsutsumi , T. Kawakami, M. Sato, M. Ichioka, K.
Machida [arXiv:1508.00787]
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Superfluid Phases of 3He - Confined Geometry

Symmetry or Normal 3He : G = SO(3)S × SO(3)L × U(1)N × P× T

A. Vorontsov & JAS, PRL, 2007

0 10 20
D / 

!

0

0.2

0.4

0.6

0.8

1

T 
/ T

c

TAB

BA

Stripe Phase

Dc2 Dc1

Spin-Triplet, P-wave Order Parameter :

∆αβ(p) = ~d(p) · (i~σσy)αβ  dµ(p) = Aµi pi

Chiral ABM State ~l = m̂× n̂

Aµi = ∆ d̂µ (m̂ + in̂)i
Lz = 1 , Sz = 0

“Isotropic” BW State

Aµi = ∆ δµi

J = 0 , Jz = 0
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2D Chiral A-phase

3He-A confined in a cylindrical cavity with h � ξ0 and R� ξ0.

h
p_

p
α

x

R
r

ϕ
x y

∆ + pip 2D Chiral ABM State:
~d(p) = ∆ ẑ (px + ipy)/pf ∼ e+iϕp

Fully Gapped: |~d(p)|2 = ∆2

Bogoliubov Equations for Fermionic Excitations: p→ ~
i
∇

 |p|2/2m∗ − µ ∆ (px + ipy)/pf

∆ (px − ipy)/pf −|p|2/2m∗ + µ

u
v

 = ε

u
v


Nambu Representation with particle-hole matrices ~̂τ = (τ̂1, τ̂2, τ̂3)

Ĥ =
(
|p|2/2m− µ

)
τ̂3 + [∆ px τ̂1 ∓∆ py τ̂2] /pf = ~m(p) · ~̂τ
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Topology of the Ground State Momentum Space Topology

Hamiltonian for 2D 3He-A : Ĥ =

(
ξ(p) c(px + ipy)

c(px − ipy) −ξ(p)

)
= ~m(p) · ~̂τ

~m = ( cpx , ∓cpy , ξ(p)) with | ~m(p)|2 =
(
|p|2/2m− µ

)2
+ c2|p|2 > 0 , µ 6= 0

Topological Invariant for 2D 3He-A [G.E. Volovik, JETP 1988]:

N2D = π

∫
d2p

(2π)2
m̂(p) ·

(
∂m̂

∂px
× ∂m̂

∂py

)
=

{
±1 ; µ > 0 and ∆ 6= 0

0 ; µ < 0 or ∆ = 0

“Vacuum” (∆ = 0) with N2D = 0

∣∣∣∣∣ 3He-A(∆ 6= 0) withN2D = 1

Zero Energy Fermions ↑ Confined on the Edge

J. A. Sauls† From Spontaneous Symmetry Breaking to Topological Order



Topology of the Ground State Momentum Space Topology

Hamiltonian for 2D 3He-A : Ĥ =
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Chiral Edge Fermions in the 2D 3He-A

Edge Fermions: gR
edge(p, ε;x) =

π∆|px|
ε+ iγ − εbs(p||)

e−x/ξ∆

Confinement: ξ∆ = ~vf/2∆ ≈ 103 Å� ~/pf

εbs = −c p|| with
c = ∆/pf � vf

Broken P & T Edge Current

p’
p’ p’

_

p’_ p_

p_

a
p

b
p

xx

−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0

p||/pf

−1.0

−0.5

0.0

0.5

1.0
Chiral Edge State Dispersion

εbs(p||)

Fermi Energy

−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0

p||/pf

−1.0

−0.5

0.0

0.5

1.0
Chiral Edge State Dispersion

εbs(p||)

Unoccupied

Occupied

Fermi Energy

I M. Stone, R. Roy, PRB 69, 184511 (2004)

I J. A. Sauls, Phys. Rev. B 84, 214509 (2011)

I Hao Wu, Saturday 9:20
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Long-Standing Challenge: The Ground-State Angular Momentum of 3He-A

Possible Gyroscopic Experiment to Measure of Lz(T )

TOR SION
FIBER

MAGNETIC AXIS
FIELD

SUPERF LUID
PERSISTENT

ENT

APPLIED ROTATIONAL
VELOCITY

Lp

PERSISTENT CURRENT
ANGULAR MOMENTUM

SUPERFLUID GYROSCOPE
v=uxL

J. Clow and J.  Reppy, Phys. Rev. A 5, 424–438 

Dissipationless
Chiral Edge 

Currents

Equilibrium
Angular Momentum

Non-Specular Edge

Specular Edge

Thermal Signature of Chiral Edge States

IPower Law for T . 0.5Tc

Lz = (N/2)~ (1− c (T/∆)2 )

Toroidal Geometry with Engineered Surfaces

I Incomplete Screening

Lz > (N/2)~

Direct Signature of Edge Currents

I J. A. Sauls, Phys. Rev. B 84, 214509 (2011)
I Y. Tsutsumi, K. Machida, JPSJ 81, 074607 (2012)
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Topological Invariant for 3D Time-Reversal Invariant 3He-B

I Nambu-Bogoliubov Hamiltonian for Bulk 3He-B:

ĤB = ξ(p)τ̂3 + cp · ~σ τ̂1

I E(p) =
√
ξ(p)2 + c2|p|2 ≥ ∆ = c pf (Gapped)

I Emergent spin-orbit coupling Helicity eigenstates

I Emergent Topology of the B-phase

I Topology of the B-phase Bogoliubov Hamiltonian:

N3D =
π

4

∫
d3p

(2π)3
εijkTr

{
Γ(Ĥ−1

B ∂piĤB)(Ĥ−1
B ∂pj ĤB)(Ĥ−1

B ∂pkĤB)
}

=

{
0, Γ = 1

2 , Γ = CT

Zero Energy Fermions Confined on a 2D Surface ↑

Helical Majorana Modes

Protected by Γ = CT symmetry: ΓĤBΓ† = −ĤB

I Schnyder et al., PRB 78, 195125 (2008); I Volovik, JETP Lett. 90, 587 (2009)
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}

=

{
0, Γ = 1

2 , Γ = CT

Zero Energy Fermions Confined on a 2D Surface ↑

Helical Majorana Modes

Protected by Γ = CT symmetry: ΓĤBΓ† = −ĤB

I Schnyder et al., PRB 78, 195125 (2008); I Volovik, JETP Lett. 90, 587 (2009)
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Fermionic Spectrum confined on the Surface of 3He-B

ε/∆−2
−1

0
1

2

p‖ /p
f

−1.0

−0.5

0.0

0.5

1.0
0
1
2
3
4
5

6

7

Surface Spectral Function

N(p||, ε)

I Surface Spectrum:

Nb(p, z; ε) =
π

2
∆⊥p̂z e

−2∆⊥z/vf

×[δ(ε− c|p‖|) + δ(ε+ c|p‖|)]

I Y. Tsutsumi, K. Machida, JPSJ 81, 074607 (2012)

I Hao Wu, JAS, Phys. Rev. B 88, 18 184506 (2013)

I Surface Majorana Modes

I ε±b = ±c|p‖|, c = ∆‖/pf � vf

I Helical Spin-Orbit Locking: ~s ⊥ p

I ε−b < 0 Helical Spin Current at T = 0

I Kxy =
1

6
n2D vf

~
2
× (1− a T 3 )
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Condensate Flow and Backflow from Majorana Excitations

Condensate Flow: ps ≡ mvs =
~
2
∇ϕ

D

∆
x y

z

ϕ1 ϕ2ps =
�
2
∇ϕ

I Flow Field Breaks T-symmetry ... Topological Protection?
I Γ ≡ Uz(π)× T ×C ΓHB(ps) Γ† = −HB(ps) . . . Yes!
I Doppler Shifted Majorana Spectrum: ε→ ε = c|p||| + p|| · vs

I Thermal Signature: ~J = nps ×

1− 27πζ(3)

2

ξ∆
D

∆⊥
∆‖

m∗

m3

(
T

∆‖

)3


I T. Mizushima et al., Phys. Rev. Lett. 109, 165301, (2012) I Hao Wu, JAS, Phys. Rev. B 88, 18 184506 (2013)
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Towards Spectroscopy of Helical Majorana Fermions

I Helical Majorana Exciations:
~s ⊥ ~p||

I Ground State Surface Spin Current:

Jxy(0) =
1

6
n2D vf

~
2

I Higgs Modes J = 2,m = ±2

D(±)
αi (q, ω) ∼

(
e(±)
α qi + qα e

(±)
i

)
I Generate via Transverse Sound

(J = 2, M = ±1 Modes)

I Precision spectroscopy: dispersion,
damping & acoustic
Faraday rotation
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Summary

I Spontaneous Symmetry
Breaking

I Confinement: New Phases
I Dynamics: Bosonic Modes

I Topological Order: 3He
I Signatures: Edge & Surface

States
I Towards a Spectroscopy

Research Supported by NSF Grant DMR-1106315

J. A. Sauls† From Spontaneous Symmetry Breaking to Topological Order


